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Abstract

This paper presents two approaches to characterize the dynamics of weight space probability
density starting from a master equation. In the rst, we provide a class of algorithms for which an
exact evaluation of the integrals in the master equation is possible. This enables the time evolution of
the density to be calculated at each time step without approximation. In the second, we expand earlier
work on the small noise expansion to a complete perturbation framework. As an example application,
we give a perturbative solution for the equilibrium density for the LMS algorithm. Finally, we use
the perturbation framework to review annealed learning with schedules of the form (t) = 0 =tp .

1 Introduction
Several of the contributions to this volume apply order parameter techniques to describe the dynamics
of on-line learning. In these approaches, the description assumes the form of a set of ordinary di erential
equations that describe the motion of macroscopic quantities, the order parameters, from which observables such as generalization error can be computed directly, without intermediate averaging. The (typically
non-linear) di erential equations are usually solved numerically to provide the dynamics throughout the
training. Recently, this author and colleagues have obtained analytic results from the order parameter
equations applied to the late time (asymptotic) convergence of annealed learning 1]. However, most of
the application of these techniques has involved numerical integration. Indeed, the ability to track the
ensemble dynamics at all times by solution of ordinary di erential equations establishes an attractive
analysis tool.
In contrast, this paper examines analytic approaches to the master equation that describes the dynamics
of the weight space probability density in time. These dynamics are expressed as partial di erential
equations, of innite order, that do not ordinarily admit simple numerical solution. Instead, one identies
useful approximations and uses the equations in the applicable domain. These approaches have proved
most valuable to describe learning with very small learning rates and for asymptotic phenomena such as
equilibrium distributions 2, 3] and the late-time behavior of annealed learning 4], though there has been
some application to describe transients as well 5, 6, 7].
Here we develop this approach in two ways. First, we identify a class of algorithms, and a particular case
of interest, for which the integrals appearing in the master equation can be solved in closed form. This
provides an exact, closed form expression for the operator that generates the time displacements of the
system. This does not imply that the density is available analytically at each time step, but rather that
it can be calculated (numerically perhaps) without approximation by simple matrix multiplication. The
solution for the density as a function of time does not rely on numerical integration of any kind, and is
given without approximation.
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Secondly, we develop a perturbation expansion for solutions of the master equation. Here the weight space
density is expressed directly as a power series in the learning rate. At each power (order of perturbation theory), one solves a set of partial di erential equations to obtain the density to that order. This
framework includes, as a special case, earlier work that treated only the lowest order contribution without
consideration of how they t into a perturbation scheme. We also adopt the perturbation scheme to treat
annealed learning with rates of the form 0 =tp  0 < p 1. Retaining the leading terms, we recover the
classic asymptotic normality results on 1=t annealing, and analogous, though markedly di erent, results
p 6= 1.

2 Ensemble Dynamics
Our starting point is learning rules of the form
w(n + 1) = w(n) + (n) Q(w(n) x(n))
(2.1)
where w(n) and (n) are the weight estimate and learning rate (gain) at time n, x(n) is the datum input
to the algorithm at time n, and Q(w x) is the parameter update function. We assume that the input,
which may be an input/target pair in the case of supervised learning, is drawn i.i.d from the distribution
p(x)1
In stochastic gradient descent algorithms, the update function Q(w(n) x) is minus the gradient of the
instantaneous cost E (w x). The ensemble average of the instantaneous cost is the true cost E (w). The
latter drives the corresponding deterministic, or batch-mode, gradient descent algorithm.
The learning rate may be independent of time, or it may follow a specied time-dependence, or may
change in time in response to the progress of the learning 9, 10, 11]. Constant learning rates are commonly
employed during the initial phases (and sometimes through all phases) of stochastic learning algorithms.
Constant allows the system to converge on local optima at rates comparable to the equivalent batch
algorithm (e.g. exponential convergence in quadratic minima). However, most problems require that the
learning rate be annealed at late times in order to obtain convergence (in mean square, or with probability
one) to a local optima. The learning rate may be either scalar, or matrix. Though the former is simpler
and far more commonly implemented, optimal convergence rates require consideration of matrix learning
rates as for example in 4, 12, 13].
Our goal is to describe the describe the ensemble dynamics of w in terms of an evolving probability
distribution P (w n) on the weights. Towards this end, we develop a master equation for P (w n) from the
learning rule (2.1). The rst step is to recognize the that single-step transition probability, conditioned
on the datum x is a Dirac delta function whose arguments satisfy the learning rule (2.1)
T (wjw  x n) = ( w ; w ; (n) Q(w  x) ) :
(2.2)
We recover the net transition probability by integrating the conditional transition probability over the
measure on the input data2 x
0

0

T (wjw  n) =

0

Z

(x) T (wjw  x n) dx
 h  ( w ; w ; (n)Q(w  x) ) ix :

0

0

(2.3)
Finally, the transition probability provides a Master equation that describes the dynamics of the density
on w
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The interesting case of correlated inputs is discussed in 8].
We assume that the data are sampled i.i.d. from the density ( ). Experimentally, this corresponds to random sampling
with replacement from a training dataset.
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This provides a complete description of the ensemble dynamics of the learning rule (2.1) including:
generalization, equilibrium distributions, convergence with annealed learning (n), and escape from local
optima. Unfortunately, for most learning rules of interest, we cannot evaluate the integral on the right
hand side in closed form. Thus approximation schemes are usually required.
We proceed in two ways. First we will give a family of algorithms, and a particular example of interest, for
which the integral can be complete in closed form, and hence the time evolution specied exactly. Since
the integral moves the probability density forward one step in time, it can be regarded as the operator
that generates time displacements. Hence we refer to this as an exact integration of the time evolution
operator. Following the exact solution, we will discuss approximations to the integral in (2.4) coupled
with perturbation solutions for P (w n) that give approximate analytic solutions.

3 Exact Integration of the Time Evolution Operator
A class of algorithms for which the transition probability (2.3) assumes a simple, closed form can be
constructed with reasonable constraints. Although the constraints may seem unnatural at rst, a bit later
we will give a concrete example that was suggested independently in a very natural way.
Suppose that the learning rate is constant in time. Further, suppose that the update function Q(w  x) is
such that for any w , Q(w  x) is piecewise constant in x, and can only assume a nite number of possible
values. We denote the values that Q assumes by qi  i = 1 : : : m and the sets on which Q attains these
values by Si (w )
(3.1)
Si (w ) = f x j Q(w  x) = qi g :
We denote the data measure associated with each of these sets by fi
0

0

0

0

0

0

Z

fi (w ) 
0

Si (w )
0

(x) dx :

(3.2)

With this construction, the transition probability (2.3) reduces to a weighted sum of delta functions

T (w j w ) =
0

m
X
i=1

fi (w ) (w ; w ; qi )
0

0

(3.3)

and the right-hand side of the master equation (2.4) integrates simply to

P (w n + 1) =

m
X
i=1

P (w ; qi  n) fi (w ; qi ) :

(3.4)

Equation (3.4) generates the dynamics of the P (w n) without approximation. It provides, for example,
a means to numerically compute the evolution of the density exactly, provided numerical values of the
measures fi are available. The expression tells us to compute the density at w at time step n + 1 by
locating the points w ; qi that can jump to the point w in one time step, and accumulate the densities
at those points, each weighted by the fi . The latter is just the probability that one chooses an x that
generates the required jump qi .

3.1 An Example: Sign-of-the-Gradient Descent
Most commonly used algorithms are some variant of stochastic gradient descent for which the update

Q(w x) is minus the gradient of an instantaneous cost function
Q(w x) = ;rw E (w x) :

If instead, we base the update on the sign of the gradient, we retrieve a simple algorithm that is a member
of our class of algorithms with integrable time-evolution operator. There are two variants, one of which
we briey describe here. A more thorough development is in 14].
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The algorithm proceeds as follows. At each time step, select a single weight at random (with equal
probability of selecting any weight) and update it according to the sign of the instantaneous gradient


Q (w x) = ; sign @E (w x)
(3.5)
j

j

@wj

where j 2 f0 1g are indicator variables that denote which weight is chosen for updating.
For this system, qi = 0 1. For a system of N weights, one nds
N h
X

P (w n + 1) ; P (w n) = ; 21N
Dj(1) (w + j ) P (w + j  n)
j =1
i
;Dj(1)(w ; j ) P (w ; j  n)
N h
X
Djj(2) (w + j ) P (w + uj  n)
+ 21N
j =1

;2 Djj(2)(w) P (w n)
i
+ Djj(2) (w ; j ) P (w ; j  n) :

(3.6)

Here we have rewritten the terms in fi in terms of the drift vector

Dj(1) (w) = N h j Qj (w x) ix

and diagonal terms of the di usion matrix

(2)
Djk
(w) = N h j k Qj (w x) Qk (w x) ix

whose relation to the fi for this problem are given in 14], and can be easily derived from (3.5). The
quantity j in (3.6) is a displacement of length along the j th weight coordinate.
The system (3.6) is of the form of a nite di erence approximation to a Fokker-Planck equation. However,
the equation describes the dynamics to all orders, without approximation. There are several interesting
features. With proper initialization, the dynamics can be developed by simple matrix multiplication.
Suppose that the initial density P (w 0) is non-zero only at weight values corresponding to integer multiples
of j , w = (i1 1  i2 2  : : :)T . Then, since at each iteration weights only change by  j or zero, the density
P (w n) at any time step n will have support only at weight values that are integer multiples of j . Thus,
the density is conned to a rectangular grid with spacings j along the wj axis. The dynamics is generated
simply by matrix multiplication. One forms a vector P (n) whose entries consist of the densities P (w n)
at the grid points, and a matrix A whose entries contain the coecients of the density in equation (3.6).
The evolution of the ensemble density is then given by
P (n + 1) = (1 + A) P (n) = (1 + A)n+1 P (0) :
The evolution matrix 1 + A is sparse, since the learning rule only connects nearest neighbor points on the
weight grid. For a one-dimensional conguration space, the evolution matrix 1 + A is tri-diagonal, and
the computation is particularly easy to set up and execute. Equilibrium distributions correspond to the
null space of A, and rst passage time calculations reduce to the solution of a linear system.
Also of interest are problems with trapping states values of w for which Q(w  x) = rw E (w  x) = 0 for
all possible x. One example is regression problems with noiseless targets generated by a function that can
be exactly t by the network. In general, there are several such states that we denote by wi]  i = 1 : : :  p.
It is straightforward to verify that the master equation (2.4) has equilibria consisting of Dirac delta
functions at the wi]
p
X
Peq (w) =
ai (w ; wi] )








i=1
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where the occupation probabilities ai for each solution weight are determined by the initial distribution

P (w 0).

Under standard stochastic gradient descent, the system will converge into the set of optima wi] . For
learning driven by the sign of the gradient, these solutions are only accessible if they all fall on the weight
grid with spacings j , and if all the initial density also lies on this grid. If this is not the case, then instead
of convergence to these solution weights, the density will, at late times, execute oscillations between the
grid states neighboring the wi] .
Finally, we point out that in most problems, such trapping states are not present. In order to achieve
convergence of the weights in the usual stochastic gradient descent, one must anneal the learning rate. In
sign of the gradient learning, annealing corresponds to shrinking the grid size.




4 Perturbation Approach
In physics, it is common to approach a problem for which a closed solution cannot be found by treating
it as a perturbation of a similar problem that one can solve in closed form. The attempt to analytically
describe the ensemble dynamics of on-line learning algorithms ts this paradigm well.
Gardiner 15] describes a small noise perturbation approach for di usion (Fokker-Planck) systems. Our
development here is similar in form, but appropriately modied for the master equation we encounter in
stochastic learning. The material here extends the basic small-noise expansion introduced by Heskes 3] in
two ways. First, we emphasize that the combination of Heskes' small noise expansion with a perturbation
expansion for P (w n) is a natural structure that incorporates the now-familiar Gaussian solutions as the
lowest-order term in a series expansion. This series is closely related to the Edgeworth and Gram-Charlier
expansions of classical statistics 16]. Secondly, we extend the treatment in a minor way to accommodate
xed-schedule learning rate annealing.
Our starting point is the continuous time Kramers-Moyal 15, for example] expansion of the master
equation (2.4). This is obtained by expanding the transition probability (2.3) in a Taylor series in the
learning rate . We also change from integer to continuous time, but gloss over the intricacies of the
transition, referring the interested reader to 3]) Furthermore, as appropriate to most annealed learning
algorithms, we restrict the form of (t) to a simple power law (t) = 0 =tp . One nds (in one dimension
for notational simplicity)
X (;1)k  0 k k ; k 
@t P (w t) =
(4.1)
tp @w Q (w x) x P (w n) 
k=1 k !
1

where @t denotes the partial derivative with respect to time, and @wk denotes the kth partial derivatives
with respect to w. Next we decompose the trajectory w(t) into a deterministic piece and a stochastic
piece
(4.2)
w  (t) + 0 f (t) 
or
 =  1f (t) (w ; (t))
0

where (t) is the deterministic trajectory and  are the uctuations. Apart from the factor 0 f (t) that
scales the uctuations, this is identical to Heskes' formulation for constant learning in 3]. We will obtain
the proper value for the unspecied exponent , and the form of the function f (t) from homogeneity
requirements.


Next, the dependence of the jump moments Qi (w x) x on 0 is explicated by a Taylor series expansion
about the deterministic path . The coecients in this series expansion are denoted


@ j Qi (w x) x
(j )
i



@wj

For convenience, we dene a new time variable

s=t

w=

:
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and transform the di erential operators and densities in (4.1) as dictated by (4.2)

@t = @s ;  f1 (s) d ds(s) @ ; ff  @
0
1
@w =  f (s) @
0

0

P (w t) = ( 0 f (s))

1

;

( s) 

(4.3)

where ( s) is the density of the uctuations.
Finally, we rewrite (4.1) in terms of and  and the expansion of the jump moments, using the transformations (4.3), and suitably resumming the series. These transformations leave equations of motion for
the deterministic trajectory (s) and the density of the uctuations
d =  0  (0) () =  0  h Q( x) i
(4.4)
x
ds
sp 1
sp
@s = ff @ ( )
m
XX
(;1)i (m i) 0 i(1 2 )+m f (s)m 2i @ i ((m i) ) :
+
(4.5)

i!(m ; i)! i
si p
m=2 i=1
0

1

;

;

;

;

This last is the basic form that we use in developing the perturbation expansion.
We are going to use the system (4.4) and (4.5) to describe the late-time evolution of learning systems with
either small, constant learning rate, or with annealed learning rate. In either case, we will concentrate
on the behavior near asymptotically stable xed points w of the vector eld hQ(w x)ix. Thus we are
assuming that the system has evolved long enough so that ! w and we can evaluate the (ij) at the
local optimum. We assume that we have (1)
1 < 0 in a neighborhood of w , i.e. that the linearization is
non-zero3. For a gradient descent algorithm, this corresponds to a quadratic minimum w , with positivedenite cost function curvature








H = ;rw rw E (w ) = ;


(1)
1

(w ) :


With this structure assumed for the vector eld in the vicinity of the xed point w , we can proceed to
specify the constant and the form of f (s). To insure that for each m, the terms in the sum over i in
(4.5) are homogeneous in powers of 0 , we take


= 1=2 :

(4.6)

Similarly, to insure that for each value of m, the terms in the sum over i are homogeneous in time, we
take
f (s) = p=1 2 :
(4.7)

s

4.1 Perturbation Expansion for Constant Learning Rate

For constant learning rate, p = 0, we rescale time as 0 s  t and rewrite the equation of motion for the
uctuations as


X i=2
@t  = L0 + 10=2 L1 + 10 L2 + : : : ( t) =
Li ( t)
(4.8)
1

i=0

3

In the multi-dimensional case, all of the eigenvalues of the matrix

(1)

1

should have negative real part.
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where the action of the operators Li are dened by the expansion (4.5) with the choice for (4.6 and
f (s) (4.7), and the time re-scaling above. The action of the rst several operators are
1 (0) 2
L0 F ( )  ;@ ( (1)
(4.9)
1  F) +
2 2 @ F
1 (1) 2
1 (0) 3
2
L1 F ( )  ; 12 (2)
(4.10)
1 @ ( F ) +
2 2 @ (F ) ; 3! 3 @ F
..
.
In the limit 0 ! 0 only the L0 term of (4.8) contributes. By evaluating the drift (1)
1 and di usion
(0)
2 at a local optimum w , (4.8) describes the time evolution of the uctuation density about the local
optimum, in the limit of small learning rate. Solving this lowest order piece for the equilibrium density
gives the now-familiar Gaussian approximation to the asymptotic density. However, this is only a piece
of the picture.
The lowest-order solution can be augmented by a perturbation expansion for the density. We write
( t)  (0) + 1=2 (1) + 1 (2) + 3=2 (3) + : : :
(4.11)
(
i
)
where the  are functions to be solved for. Next, we substitute this expansion of  into the equation of
motion (4.8) and equate the coecients of like powers of on the left and right-hand sides. This leaves
the set of perturbation equations
@t (0) = L0 (0)
(4.12)
@t (1) = L0 (1) + L1 (0)
(4.13)
(2)
(2)
(1)
(0)
@t  = L0  + L1  + L2
(4.14)
..
.


The solution strategy is to solve (4.12) for (0) , use this solution in (4.13) and solve the latter for (1) ,
then use these two solutions to solve (4.14) for (2) etc. Thus, we solve the equations order-by-order in
perturbation, obtaining approximations to  in powers of 1=2 . Below we briey describe how this is
accomplished.

4.1.1 Solving the Perturbation Equations
Solution of the system (4.12), (4.13), etc relies on obtaining a complete set of eigenfunctions of the
operator L0
L0 fn = n fn
and it's conjugate
L0 gn = n gn :
These functions form a bi-orthogonal set
y

Z

gk ( ) fj ( ) d  = (gk  fj ) = ij :

(4.15)

The operator L0 corresponds to an Ornstein-Uhlenbeck process and has well-known eigenfunctions 15]
(recall our constraint (1)
1 < 0)

fn( ) =
gn( ) =
n =

v
u
u
1 j
t j (1)
(0)


exp ; j

(1)
1
(0)
2

!

j  2 g ( )
n

0v
1
u
(1)
u
p 1n Hn @t j 1(0) j  A
2 n!
2

2

nj

(1)
1

j

n = 0 1 2 : : :

(4.16)
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with Hn the nth order Hermite polynomials
It is trivial to verify that the solution of the lowest order equation (4.12) is
(0) ( t) =

X
1

n=0

an exp(; n t)fn ( ) 

where the coecients an are determined by the initial distribution. Hence as t ! 1, (0) converges to
(1)
f0 ( ) which is a zero mean Gaussian equilibrium distribution with variance 2 = (0)
2 =(2j 1 j). Hence
the lowest order approximation to the equilibrium distribution on w is a Gaussian peaked up about the
(1)
local optimum w with variance w2 = (0)
2 =(2j 1 j.
The higher order corrections to the equilibrium density can be calculated using (4.13), (4.14) etc. with
the left-hand sides set to zero. We expand each perturbation correction (i) in the basis of eigenfunctions


fn

(i) ( ) 

X
1

(i)

f j ( ) :
j =0
Thus, the perturbation expansion develops each (i) , and thus the total solution , as a series of Hermite
polynomials times Gaussians (the eigenfunctions fn ). In this respect, our perturbation expansion recalls
j

the classical Edgeworth and Gram-Charlier expansions for density functions 16].
The coecients j(i) are obtained by substituting this assumed form of the solution into the appropriate
equation of motion for the (i) , and using the bi-orthogonality relation (4.15). For example, the rst-order
correction satises
X (1)
(0)
L0 (1) = L0
j fj = ;L1  
1

or

X
1

i=1

i=1

(1)

j

j fj =

;L1 (0) :

Taking the inner product with gk , we obtain

1 
(1)
(0)
 k 6= 0 :
k = ; k gk  L1 

(4.17)

So the rst order perturbation correction for the equilibrium density is
(1) =

X ;1 
1

k=1 k



gk  L1 (0) fk ( ) :

(4.18)

Using this solution along with the equation for the second order correction (4.14), we obtain


(2)

=

X ;1 h

=

X (gi L1fj )(gj  L1(0))

1

i=1 i

i

(gi  L1 (1) ) + (gi  L2 (0) ) fi ( )

1

ij =1

i j

fi ( ) ;

X (gi  L2(0))
1

i=1

i

fi ( ) :

(4.19)

Clearly, one can calculate the corrections to arbitrary order provided one can evaluate the appropriate
matrix elements (gi  Lj fk ) of the perturbation operators. Given the corrections, the density is re-assembled
according to (4.11).
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4.1.2 LMS Equilibrium Density
To illustrate, we give examples of perturbation solutions for the equilibrium density Pe (w) of a single
weight, linear neuron trained by the LMS algorithm (stochastic gradient descent on the mean squared
error). The target signals are generated by a linear teacher neuron with weight w and zero mean Gaussian
2
noise with variance noise
added to the output. The inputs were zero mean Gaussian with variance x2 .
The details of the calculations, and the results were originally presented in 17]. The equilibrium density
is given in terms of the weight error v  w ; w . One nds for the rst few perturbative solutions
P (0) (v) = p 1
exp(;v2 = 2 )




e

2
 noise

noise

2
Pe(0) (v)
Pe(1) (v) = 34 x2 ;1 + 22v
noise
9 4 ;1 ; 4v2 + 4v4
Pe(2) (v) = 32
P (0) :
x
2
2 4
noise
noise

(4.20)

For comparison, we also include the equilibrium density obtained from the nonlinear Fokker-Planck equation obtained by truncating the Kramers-Moyal expansion (4.1) at second order in . This Fokker-Planck
equation has a closed form equilibrium solution 18]

PeFP (v) = B (1=2 1=2 1+ 1=(3 2 )) 1 + 32x v2
x
noise
2

1 )
(1+ 3
2

;

x

(4.21)

where B (  ) is the Riemann beta function.
The solid curves in Figures 1 and 2 show the perturbation solution for the equilibrium densities obtained
2
with input variance x2 = 4 and noise variance noise
= 1 for learning rates = 0:05 and = 0:1
respectively. Also shown are empirical estimates of the densities obtained from Monte Carlo simulations
(dashed curves). The density predicted by the Fokker-Planck equation (dotted curve from equation (4.21))
is more peaked than the empirical density.
For the smaller of the two learning rates depicted in gure 1, the rst order perturbation solution (Fig.
1 b) ts the empirical density quite well, and o ers a substantial improvement relative to the zero order
(Gaussian) approximation (Fig. 1 a). At higher learning rate, as in gure 2, the rst order perturbation
solution ts less well, and adding the next non-zero order term (4) further degrades the t. The reader
should note that = 0:1 is already quite high as, for this input variance level, the equilibrium density
has nite covariance only for < 0:1666. The failure of the perturbation expansion at relatively high
learning rates is not unexpected perturbation expansions in physics are often asymptotic rather than
convergent, and this is likely to be the case here. Finally, we note that another approach to specifying
the LMS equilibrium density is given by 19].
The perturbation technique, while discussed above for a one-dimensional problem, applies in principle to
problems of arbitrary dimension. To carry out the program, one needs to be able to nd eigenfunctions
of the multidimensional operator L0


 1  (0)
r
r
f
(

)
= f ( ) :
L0 f ( ) = r ; (1)

f
(

)
+


2
1
2
This will pose a technical diculty unless one can nd coordinates in which this partial di erential
(0)
equation is separable. Since the drift (1)
1 and di usion 2 matrices may not be diagonalized by the
same transformation { this may indeed be dicult.
There is, however, a class of problems for which these two matrices are simultaneously diagonalized by the
same coordinate transformation. Fluctuations about the global optimum in supervised learning problems
where the network is capable of representing the true regression function (so-called \realizable" problems)
are treatable. In this case, using the negative log-likelihood of the data as a cost function, one nds that the
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drift and di usion matrices are scalar multiples of one-another. In this case, the eigenfunction equations
separate in coordinates that diagonalize the curvature matrix H .
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Figure 1: Comparision of equilibrium densities for 1-D LMS with = 05, noise = 1, x2 = 4. The
dashed curves are the density estimated from an ensemble of simulations. The dotted curves are
the density predicted from the Fokker-Planck equation obtained by truncating the Kramer-Moyal
expansion (4.1). The solid curves are those obtained from the perturbation expansion. a) Using
the 0th order approximation (0) . b) Using terms through the 1st order correction.
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Figure 2: Same as gure 1, but with = 0 1. a) Using terms through the rst order correction
(1) . b) Using terms through the fourth order correction (4) .


:

4.2 Annealed Learning

As discussed earlier, most practical applications of on-line learning employ some form of learning rate
annealing. Power-law decay of the learning rate can be analyzed in the present framework in a straightforward manner. We recall our earlier assumption that the learning rate behaves as
(s) = sp0
with 0 < p 1. We re-write the equations of motion for the uctuations (4.5), using the chosen form of
(4.6) and the form of f (s) in (4.7), and writing now, the general n-dimensional form
h
p  i
@s ( ) = r ; sp0 (1)
;
1
2s
+ 2s0p r



 3=2

+ O sp0

(0)
2

r 



(4.22)
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(0)
where (1)
1 is the negative denite drift matrix, and 2 is the positive denite di usion matrix.
Since 0 < p 1, at late times the right-hand side of (4.22) is dominated by the terms explicitly written
explicitly. Since we are primarily concerned with the asymptotic dynamics, it is adequate to retain only
the given terms. Precisely which terms dominate depends on the value of p, i.e. on the rate at which the
learning rate is annealed. We will briey review the results for classical annealing (p = 1) and for slower
rates. These results are compared with an order parameter approach in 1].

Classical Annealing
For p = 1, the explicit terms on the right-hand side of (4.22) all decay as 1=s. Relative to the constant
learning rate case, the substantive change in the uctuation dynamics is the modication of the drift by
the term ;1=2s to form an eective drift. We conne attention to gradient descent algorithms for which
; (1)
1 = H is the cost function curvature. We assume that this is positive denite in a neighborhood of
a local optimum w where we carry out the analysis4. Then the e ective drift is
deff = s0 H ; 21s   1s A 
In order to get a stable system, and hence a normalizable equilibrium density, the matrix A must be
positive denite. This clearly requires that
1
(4.23)
0 >
2 min
where min is the smallest eigenvalue of the curvature H .
We next transform (4.22) to the new time coordinate b = ln s and recover the equation of motion valid
at large times


@b ( t) = r (A  ) + 20 r (0)
:
(4.24)
2 r 


Assuming that the criticality condition (4.23) is met, this gives rise to a zero-mean Gaussian pequilibrium
density for the uctuations  , or using (4.2) with (t) = w , a Gaussian equilibrium density for s (w;w ).
Thus we precoverpthe classical result 20, 21]  provided the criticality condition (4.23) is met, the random
variable s v  s (w ; w ) is asymptotically normal.
This asymptotic normality implies a convergence rate for the algorithm. Given a nite covariance # for
the uctuations, the covariance of the weight error v  w ; w , denoted #v , is inversely proportional to
time
#v = s0 # :
and consequently the expected squared weight error drops o inversely with time












E jvj2 = Trace (#v ) = s0 Trace (# )
provided the criticality condition (4.23) is satised. This appears to be the optimal convergence rate that
can be sustained over an extended period of time 22].
If the criticality condition is not met, the convergence will be slower than 1=s. One can derive the
asymptotic convergence rate by developing from (4.24) equations of motion for the second moments
R  E i j ]. Then using their solution, compute

E jvj2 ] = Trace(E vvT ]) = s0 Trace(R ) :

4 We are assuming as before that the system has evolved until the deterministic piece of the trajectory ( ) is arbitrarily
close to a local optimum.
s
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The solution (derived by another approach in 4]) is

E jvj2 ] =

 20 k
nC~kk (s0 ) ss0
k=1
X

~(0) 2 kk  1 1  s0 20 k 
;s s
+ (2
0 k ; 1) s
0
2
0

(4.25)

where k are the eigenvalues of the curvature H (at the local optimum w ), and C~kk and ~(0) 2 kk are the
diagonal elements of the weight error covariance, and the di usion matrix, in coordinates for which H is
diagonal.
Equation (4.25) shows that when the criticality condition is met, one has 1=s decay of the expected
squared weight error, but when the criticality condition is not met, the convergence is as (1=s)20 min ,
i.e. slower than 1=s.
Since the criticality condition (4.23) relates the minimal required 0 to the unknown cost function curvature, one is not guaranteed to achieve the optimal convergence rate for an arbitrarily chosen 0 . Since
the actual convergence rate given in (4.25) can be much slower than optimal, this situation has led many
researchers 9, 10, 4, 12, 11] to devise algorithms that attempt to adaptively set 0 .


Alternative Annealing Schedules

The situation is rather di erent for p < 1. Referring to (4.22), at late times the right-hand side is
dominated by the terms in 1=sp, and the 1=s and O(1=sp )3=2 terms can be neglected. Then there is no
criticality condition, and the uctuations are asymptotically normal regardless of 0 . By arguments similar
to those in the last section, this implies that the expected squared weight error drops o asymptotically
as
E jvj2 ] / 1
(4.26)

sp

This is, since p < 1, slower than the optimal rate achievable for 1=s annealing. However, there is no
critical value of 0 to reach the 1=sp rate5.

5 Summary
We discussed the dynamics of on-line learning from the perspective of the master equation for the probability density on the weights. We found a class of algorithms, a member of which proceeds by updating
the weight according to the sign of the gradient (sometimes called Manhattan learning), for which the
time-evolution can be expressed in closed form. For such algorithms, the analysis proceeds without approximation, and without the need to integrate a set of di erential equations. The existence of an exactly
integrable model, even for a rather severely restricted set of algorithms, provides a potentially useful
analysis tool.
We also developed a perturbation approach, to analyze the density of uctuations about a deterministic
trajectory. This approach is most useful to characterize learning in the vicinity of a local optimum. Our
application to equilibrium distributions for constant learning, showed both the ecacy, and the limits of
the technique. The perturbation equations are also applicable to annealed learning. The discussion here
concentrated only on the asymptotic behavior, which requires retaining only the lowest order non-trivial
terms. However it seems likely that some information on the late-time transient behavior can be obtained
by retaining further orders in perturbation.
Finally, we note that all the examples discussed within the perturbation framework assumed that the
curvature matrix ; (1)
1 at the local optimum is positive denite. If in some direction the curvature is
5 This may seem rather paradoxical, as one could take
arbitrarily close to 1 and thereby achieve convergence rate
arbitrarily close to 1 regardless of 0 . However, the analysis here only describes what happens when one reaches the
asymptotic equilibrium distribution on . The time to relax to that equilibrium distribution is not addressed by this analysis
p

=s
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zero, then the minimum is quartic (or of higher order) along that direction. One can address quartic
minima in one dimension in a straightforward way, by suitable choice of the scaling exponent . More
interesting, and yet to be addressed, is the case of singular curvature in multiple dimensions where some
directions are quadratic, and some quartic or higher order. Such cases presumably require theoretical
development analogous to center manifold theory in bifurcating deterministic dynamical systems.
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