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We investigate the asymptotic dynamics of on-line learning for neural networks and provide an
exact solution to the network dynamics at late times under various annealing schedules. The dynamics is solved using two di erent frameworks: the master equation, and order parameter dynamics,
which concentrate on microscopic and macroscopic parameters respectively. The two approaches
provide complementary descriptions of the dynamics. Optimal annealing rates and the corresponding prefactors are derived for soft committee machine networks with hidden layer of arbitrary size.
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I. INTRODUCTION
The asymptotic dynamics of stochastic, or on-line, learning and its dependence on the annealing schedule adopted
for the learning coecients have been studied for some time in the stochastic approximation literature [1,2] and more
recently in the neural network literature [3{5]. In the latter references, the analysis is based on a master equation
that describes the dynamics of the weight space probability densities.
In most cases of interest, the transition probability appearing in the master equation cannot be written in closed
form (however, an integrable class of systems is discussed in [6]), so some approximate form of the dynamics is
developed. Typically, as here, a small noise expansion provides a description of the dynamics in terms of suitably
scaled uctuations about a deterministic ow. This approach has been applied primarily to learning with xed,
arbitrarily small learning rate. In this realm, it provides information on the asymptotic distributions, convergence of
learning with momentum, basin hopping, and learning with correlated samples (e.g., [7,8] and references within).
As discussed here, the approach can also be applied to annealed learning, where the learning rate is reduced with
time to allow convergence (e.g. in mean square) of the weights. For either xed, or annealed learning rate one can, for
the equations of motion of the ensemble density, construct (ordinary di erential) equations of motion for its moments,
and hence evaluate the asymptotic generalization error, and its convergence rate.
Recently several authors [9,10] have developed an alternative theoretical approach based on the dynamics of order
parameters for the system. While the master equation approach focuses on the stochastic dynamics of microscopic
quantities (the weights), the order parameter approach describes deterministic dynamics of macroscopic quantities.
The equations of motion for the order parameters can be solved numerically, enabling one to monitor the evolution
of the order parameters and the system performance at all times. This approach provided insight into the dynamics
at early stages of the learning process [11], the scaling of training parameters at the various stages [12], the use of
regularizers in multilayer systems [13] and the optimization of learning parameters and rules [14{16].
In this paper we examine the relation between the two approaches and contrast the results obtained for di erent
learning rate annealing schedules in the asymptotic regime. Using the master equation, we develop a perturbation
approach that provides results on the asymptotic misadjustment for annealed learning rate. Although these results
are known from the classic stochastic approximation literature, this particular approach has not, to our knowledge,
been aired in the literature. We employ the order parameter approach to examine the dependence of the dynamics on
the number of hidden nodes in a multilayer system. In addition, we report some lesser-known results on non-standard
annealing schedules

II. MASTER EQUATION
Most on-line learning algorithms assume the form

wt+1 = wt + 0 =tp H (wt; xt )
(1)
where wt is the weight at time t, xt is the training example, and H (w; x) is the weight update. The description of
stochastic learning dynamics in terms of weight space probability densities starts from the master equation:
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P (w0; t + 1) = dw  w0 w tp0 H (w; x) x P (w; t)
(2)
where h: : :ix indicates averaging with respect to the measure on x, P (w; t) is the probability density on weights at time
t, and (: : :) is the Dirac function. A Kramers-Moyal expansion of Eq.(2), and passage to continuous time produces a
partial di erential equation for the weight probability density (here in one dimension for simplicity of notation) [3,4]
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Following [3], we make a small noise expansion for (3) by decomposing the weight trajectory into the sum of deterministic and stochastic pieces
 1 
w  (t) + 0 f (t) 
or
 =  f (t) (w (t))
(4)
0
where (t) is the deterministic trajectory and  are the uctuations. Apart from the factor 0 f (t) that scales the
uctuations, this is identical to the formulation for constant learning in [3]. We will obtain the proper value for the
unspeci ed exponent , and the form of the function f (t) from homogeneity requirements.
Next, the dependence of the jump moments H i (w; x) x on 0 is explicated by a Taylor series expansion about the
deterministic path . The coecients in this series expansion are denoted
(j )
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for convenience, we de ne a new time variable

s = t
and transform the di erential operators and densities in (3) as dictated by (4)
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Finally, we rewrite (3) in terms of  and  and the expansion of the jump moments using the transformations (5),
and suitably re-summing the series. These transformations leave equations of motion for the deterministic trajectory
(s) and the density (; s) on the uctuations
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Commonly, the learning algorithm is a stochastic gradient descent, for which the weight update function H (w; x)
is minus the gradient of the instantaneous cost H (w; x) = rw E (w; x). Then (6) describes the evolution of  as
descent on the average cost. The uctuation equation (7) requires further manipulations whose form depends on the
context.
We need to specify and f (s) to make further progress. We assume stochastic gradient descent in a quadratic bowl,
2
i.e. an algorithm with a cost function whose Hessian, G is positive-de nite. Then (1)
1 = rw hE (w; x)ix w=(s) 
G((s)). To insure that for each value of m in (7) the terms in the sum over i are homogeneous in powers of 0 , we
take
2

= 1=2 :
Similarly, to insure that for each value of m the terms in the sum over i are homogeneous in time, we take
f (s) = sp=1 2 :
For constant learning rate (p = 0), we re-scale the time as s ! 0 s to allow (7) to be written in a form convenient
for a perturbation expansion of the solution in powers of 0 . Typically, the small learning rate limit 0 ! 0 is
invoked, and only the lowest order terms in 0 retained (e.g. [3]). The remaining di erential equation contains a
simple di usion operator, which results in a Gaussian approximation for equilibrium densities. Higher order terms
have been successfully used to calculate corrections to the equilibrium moments in powers of 0 [17].
Of primary interest here is the case of annealed learning, as required for convergence of the parameter estimates.
Again assuming a quadratic bowl with = 1=2, f (s) = 1=sp=2, the rst few terms of the n-dimensional form of (7)
are
h
 i
@s  = r  sp0 G((s)) 2ps  

  0 3=2
(8)
+ 12 sp0 r  (0)
2 r  + O sp
where the curvature G and di usion coecients (0)
2 are matrices now. As s = t ! 1 the right hand side of (8) is
dominated by terms explicitly written (since 0 < p  1). Precisely which terms dominate depends on p.
Classical Annealing

We rst review the classical case p = 1 (1/t annealing). The rst three leading terms on the right hand side of
(8) are all of order 1=s. For s ! 1, these terms dominate, and we discard the remaining terms. The deterministic
trajectory (6) is a standard gradient ow (in transformed time s^ = ln s), and thus limt!1 (s) = w, where w is a
local minimum of the average cost hE (w; x)ix . The uctuation dynamics carried by the rst three terms of (8) are a
sensible di usion process only if the e ective linearized drift

De  0 G 1=2
is a positive de nite matrix. This clearly requires
0 > 0crit = 1=(2 min)
(9)
where min is the smallest eigenvalue of G  G(w).
If the criticality condition in (9) is met, then the equilibrium density is a zero-mean Gaussian with covariance 
that satis es
De  +  De = 0 (0)
(10)
2

p

With our choice of and f (s), the weight error v = w w is related to the uctuation  by v = 0 =s  . Consequently
=sqrts v is asymptotically normal, and the expected squared weight error drops o as

E [jvj2 ] = Trace E [vvT ] / 1s
(11)
which is the well-known optimal asymptotic convergence rate.
If the criticality condition is not met, the Gaussian equilibrium is not reached. The asymptotic convergence of
E [jvj2 ]) can still be calculated by developing the dynamics of the second moment R  E [ T ]. One obtains the
di erential equations of motion by multiplying (8) by i j and integrating over dn  to obtain
d R = 1 (D R + R D ) + 0 (0)
(12)
ds 
s e   e
s 2
which have the solution
3

R (s) = U (s; s0 )R (s0 )U T (s; s0 ) +
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U (s; s0 ) = exp ( ln(s=s0)De ) :
(14)
Transforming the result back to w coordinates, we obtain equation for the time-evolution of the weight error correlation
matrix C = E [v vT ], and hence for for the misadjustment (derived by an alternative approach in [5])
E [jvj2 ] =

 2 0 
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where: k are the eigenvalues of the curvature G (at the local optimum w), Ckk and (0)
2 kk are the diagonal
components of the weight error correlation and the di usion matrix (respectively), both in coordinates for which G
is diagonal.
>From (15), it is clear that when 0 > 0crit , one has 1=s decay of the misadjustment, while for 0 < 0crit the decay
progresses as (1=s)20min , i.e. slower than 1=s. The above con rm the classical results [1] on asymptotic normality
and convergence rate for 1=t annealing.
Alternative Annealing Schedules

In the case of 0 < p < 1 the right-hand side of (8) is dominated at late times by the terms of order 1=sp. Now, since

G is, by assumption, positive de nite, there is no criticality or switching behaviour in the convergence. We have a
Gaussian equilibrium density for  , with covariance that satis es

G  +  G =

(0)
2

p

p

in analogy to (10). The weight error is related to the uctuations by v = 0 =sp  (so that sp v is asymptotically
normal) and consequently the expected squared weight error drops o asymptotically as
E [jvj2 ] / s1p :
(16)
Notice that i) the convergence is slower than 1=s and ii) there is no critical value of the learning rate to obtain a
sensible equilibrium distribution. Related results are in [18].
This approach to obtain the asymptotic dynamics of the uctuations, and hence the misadjustment E [jvj2 ], is
quite general. The derivations assume that the minimum studied has a positive de nite Hessian, and positive de nite
di usion matrix (0)
2 . The latter is true for any non-realizable task, or for a realizable task with noisy cost targets. The
results hold for arbitrarily large systems, though the critical learning rate for 1=t annealing depends on the eigenvalue
spectrum of the curvature. The latter depends on the speci cs of the cost function and input/target distribution.
Connection to neural networks

In the context of neural networks, the cost function E (w; x) measures the deviation between the trained networks
output (termed here students) and the output of the underlying process represented here by a teacher network, speci ed
by some weight vector. The performance measure of interest is then not the misadjustment but the generalization
error, de ned for a given (student-)weight distribution p(w) as
g = hhE (w; x)ixiw :
(17)
error g min (where min is the least generalization error achievable in the area of the (possibly local) minimum
considered) follows the same decay rate as the misadjustment. Using the Taylor series expansion of (17), to lowest
order in the weight error, one has
1
1
g min = E [v T G v ] = Trace (G C ) :
2
2
4

Thus the excess generalization error is bounded above (below) by the maximum (minimum) eigenvalue of G times the
misadjustment E [jvj2 ]. These eigenvalues and eigenvectors depend on the actual architecture of the neural network
considered.
In the next section we will use a di erent approach, relying on the order parameter ansatz, to derive the learning
behaviour for a neural network of a concrete architecture, namely the soft committee machine.

III. ORDER PARAMETERS
In the master equation approach, one focuses attention on the weight space distribution P (w; t) and calculates
quantities of interest by averaging over this density. An alternative approach is to choose a smaller set of macroscopic
variables, called order parameters, that are sucient for describing principal properties of the system such as the
generalization error (in contrast to the evolution of the weights w which are microscopic).
Formally, one can replace the parameter dynamics presented in Eq.(2) by the corresponding equation for macroscopic observables which can be easily derived from the corresponding expressions for w and the formal de nition of
macroscopic observables [19]. By choosing an appropriate set of macroscopic variables and invoking the thermodynamic limit (i.e., looking at systems where the number of parameters is in nite), one obtains a closed set of equations
of point distributions for the order parameters, rendering the dynamics deterministic. Note that in contrast to the
master equation approach, which provides an approximation to the weight space distribution, the order parameter
approach provides an exact closed set of deterministic equations which fully describe their dynamics and can be
employed for calculating other observables which are of interest. The disadvantages of this approach is that we are
restricted to calculating observables which can be formulated in terms of the order parameters and it is exact only in
the thermodynamic limit (although nite-size analysis shows quite good agreement between theory and simulations
also for small systems [20]).
Practically, the formal replacement of the microscopic parameters by the order parameters in (2) is usually unnecessary and it is possible to set up the equations for the order parameters straight away once the appropriate order
parameters have been identi ed. We use this approach now to investigate the asymptotic behaviour of the training
dynamics with annealed learning rate of a soft committee machine (SCM), which is a generic two-layer neural network [9], extending the results obtained
in the master equation approach. The SCM maps inputs x 2 <N to a scalar,
p
P
K
realized through a model (w; x) = i=1 g(wi  x). The activation function of the hidden units is g(u)  erf(u= 2)
and wi is the set of input-to-hidden adaptive weights for the i = 1 : : : K hidden nodes. The hidden-to-output weights
are set to 1. The learning dynamics and generalization error evolution in this architecture are similar to that of a general two-layer network. Several researchers [9,10] have already employed the order parameter approach for calculating
the training dynamics of a SCM and the formalism can be easily extended to accommodate adaptive hidden-to-output
weights [21].
The training examples (x; y) are independently drawn input vectors with zero mean, and unit variance and the
corresponding targets y are generated by the response of a deterministic teacher network corrupted by additive
Gaussian output noise of zero mean and variance 2 . The teacher network is also a SCM, characterized by input-tohidden weights wi . The order parameters sucient to close the dynamics, and to describe the network generalization
error are overlaps between various input-to-hidden vectors
  Tnm :
wi  wk  Qik ; wi  wn  Rin ; and wn  wm

(18)

Employing the learning rule given in (1) and using gradient descent on a squared error measure as weight update we
get focusing on a 1=t-annealing

1
wt+1 = wt 0 rw [(w; x) +  (w; x)]2
(19)
t 2
as update rule where  is the disruption of the teacher output by the additive Gaussian noise of variance 2 . By
calculating the corresponding dot products and averaging over the random training pattern distribution and the
output noise, one easily gets update equations for the order parameter which become in the thermodynamic limit
(N ! 1) a deterministic set of coupled di erential equations. These equations are given in closed form in [10], where
only the constant learning rate  is examined, while in the current paper we concentrate on the annealed learning rate
0 =t. The general solution of the coupled di erential equations can only be obtained through numerical integration.
However, the asymptotic behaviour in the case of annealed learning is amenable to analysis, and this is one of the
primary results of the paper.
Finally, the network performance is measured in terms of the generalization error
5

g  h1=2 [ (w; x) y ]2ix ;
(20)
which can be expressed in closed form in terms of the order parameters [10] (this is also the reason for the absence
of the w average in comparison to (17)). The goal of this study is to solve the dynamics at late times and nd the
learning rate schedule which gives the optimal decay of the generalization error.
We assume an isotropic teacher Tnm = nm and use task symmetry to reduce the system to a vector of four order
parameters uT = (r; q; s; c) related to the overlaps by Rin = in(1 + r) + (1 in)s and Qik = ik(1 + q) + (1 ik )c.
With learning rate annealing and limt!1 u ! 0 we describe the dynamics in this vicinity by a linearisation of the
equations of motion in [10] giving
d
2 2
(21)
dt u = M u +   b ;
p

where 2 is the noise variance, bT = 2 0; 1= 3; 0; 1=2 ,  = 0 =tp, and
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The asymptotic equations of motion (21) were derived by dropping terms of order O(jjujj2 ) and higher, and terms
of order O(2 u). While the latter are linear in the order parameters, they are negligible in comparison to the  u and
2 2 b terms in (21) as t ! 1.
The truncations used to arrive at the asymptotic dynamics shed light on the approach to equilibrium that is not
implicit in the master equation approach. In the latter, the dominant terms for the asymptotic behaviour of (8) were
identi ed by the coecient's time scale; there is no indication, in terms of system observables, for the onset of the
asymptotic regime. In contrast, in the present approach, the conditions for validity of the asymptotic approximations
are cast in terms of system observables directly by comparing 2 u versus u and 2 2 .
The solution to Eq.(21) is
u(t) = (t; t0 ) u0 + 2 (t; t0 ) b
(23)
where u0  u(t0 ),

 Zt

(t; t0) = exp M

t0



d ( ) and (t; t0 ) =

Zt
t0

d (t;  ) 2 ( ) :

(24)

Both matrices and can be calculated in closed form, whereby each matrix element is a linear combination of the
modes i for and i for (i = 1 : : : 4) with
 t  0
1

2

( 0 +1)
0

0
i = t
and i = 1 +  t t t0
;
(25)
0
i 0
where i are the eigenvalues of the matrix M (Fig. 1(a)). Comparing this to (15) one sees, that the i's and i 's
have the same general structure as the terms in (15). Using this solutions, one obtains an explicit expression for the
linearized generalization error ( rst order in u)


l = K p1 (q 2r) + K 2 1 (c 2s) :
(26)
3
It turns out, that only two modes survive and we get
l = 2 [c1 1 (t) + c2 2 (t)] + a1 1 + a2 2
(27)
with the eigenvalues




1 p4 2 and = 1 p4 + 2(K 1) :
=
(28)
1
2
 3
 3
The constants c1 and c2 depend only on K while a1 and a2 depend also on the initial conditions. Obviously, the
fastest decay one can obtain is 1=t when choosing 0 > 0crit , which is (for K  2)
i

i
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i

0crit

 1 1
= max
;
= p :
4= 3 2
1
2

(29)

In this case the modes i in (27) decay faster then 1=t and can be ignored while the modes i are dominated by the
1=t-component; we thus have a 1=t decay independent of the initial conditions which is of the form
 c
1
c
1
2
2
2
l =  0 1 +  + 1 +  t  2 f (0 ; K ) 1t :
(30)
1 0
2 0
For optimal decay of the asymptotic error we have also to minimize the prefactor f (0 ; K ) in Eq.(30). The values of
0opt (K ) for various values K are shown in Fig. 1(b), where the special case of K = 1 (see below) is also included:
There is a signi cant di erence between the values for K = 1 and K = 2 and a rather weak dependence on K for
K  2 which may be explained by the need to unlearn correlations between vectors associated with di erent hidden
nodes which is absent in the case of single node systems. The sensitivity of the generalization error decay factor on
the choice of 0 is shown in Fig. 1(c).
The in uence of the noise strength on the generalization error can be seen directly from (30): the noise variance 2
is just a prefactor scaling the 1=t decay. Neither the value for the critical nor for the optimal 0 is in uenced by it.
The calculation above holds for the case K = 1 (where c and s and the mode 1 are absent). In this case
p
2
opt
crit
0 (K = 1) = 20 (K = 1) =
= 23 :
(31)
2
Finally, for the general annealing schedule of the form  = 0 =tp with 0 < p < 1 the equations of motion (23) can
be investigated, and one again nds 1=tp decay.
One other point that is worthwhile mentioning is that the exact asymptotic results obtained here are consistent
with those obtained using a variational method aimed at nding the globally optimal learning rate at all times [14,15]
but which requires a numerical solution of a set of coupled di erential equations.

IV. DISCUSSION AND SUMMARY
We employed the master equation and order parameter approaches to study the convergence of on-line learning
under di erent annealing schedules. For the 1=t annealing schedule,
the small noise expansion provides a critical
p
value for 0 (Eq.9) in terms of the curvature, above which t v is asymptotically normal, and the misadjustment
E [jvj2 ] decays as 1=t. Though not developed here,
the approach also tells us that to achieve the most rapid decay
of the misadjustment, one should set 0 = G 1 . Further development of the dynamics suggests algorithms that
automatically attain this optimal decay rate using only order O(N ) computation and storage [5,22].
The approach naturally extends to 1=tp annealing with 0 < p < 1, where we nd the misadjustment decays as
1=tp. This behavior
p is independent of 0 ; that is, there is no critical value of 0 to obtain the asymptotically normal
distribution on tp v. On naive inspection, this is a very curious result as it suggests that one can pick p arbitrarily
close to unity, and obtain decay of the misadjustment arbitrarily close to the optimal 1=t rate. The caveat is that in
deriving these results, we have truncated Eq.(8), retaining only the terms pertinent to the asymptotic distribution.
The approach to the asymptotic distribution is not discussed at all. Clearly there is interesting dynamics in this
pre-equilibrium regime, none of which is developed in this framework as it stands. The analysis has been carried
beyond the lowest-order description of the uctuation density for constant learning rate [17,23], by a perturbation
expansion of the uctuation density . Presumably a similar approach could be developed for annealed learning in
order to discuss the approach to the equilibrium density. However, a numerical solution to the full non-linear order
parameter equations would provide this information with less computation apparatus.
The analysis of learning dynamics through the master equation is completely general, placing no a priori constraints
on the architecture or data distribution, but it requires knowledge of the jump moments in the asymptotic regime for
calculating the relevant properties. These jump moments are of course architecture and data dependent. Since the
analysis proceeds from the Kramers-Moyal expansion (3), which is an in nite order partial di erential equation, it is
necessarily perturbative in its approach.
In contrast, the order parameters approach begins by choosing appropriate order parameters, which are architecture
dependent, making speci c assumptions regarding the data distribution, and then writing down equations of motion
in closed form. The latter are coupled, non-linear ordinary di erential equations that can be solved numerically, or
explored asymptotically using suitable linearization, as carried out here. The fact that the equations are ordinary
di erential equations, with nite number of terms, rather than in nite order partial di erential equations holds obvious
advantages for numerical investigation.
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Using the order parameters approach we considered the task of a soft committee machine (architectural constraint)
learning a teacher of the same architecture characterized by a set of isotropic teacher vectors with added noise
(assumptions on data distribution). We obtain the dynamics in the asymptotic regime for any number of hidden
nodes, and provide explicit expressions for the decaying generalization error and for the critical (Eq.29) and optimal
learning rate prefactors for any number of hidden nodes K . Similar results have been obtained for the critical learning
rate prefactors using both methods, and both methods have been used to study general 1=tp annealing [24].
The order parameter approach provides a potentially helpful insight on the passage into the asymptotic regime.
Unlike the truncation of the small noise expansion, the truncation of the order parameter equations to obtain the
asymptotic dynamics is couched in terms of system observables (c.f. the discussion following Eq.(22)). That is, one
knows exactly which observables must be dominant for the system to be in the asymptotic regime. Equivalently,
starting from the full equations, the order parameters approach can tell us when the system is close to the equilibrium
distribution.
We see the two approaches as complimentary: the perturbative expansion of the master equation provides analytic
results on the asymptotic behavior without reference to speci c architecture or data distributions. In this respect, it is
entirely general. However the technique is most facile when limited to the lowest order in perturbation, as used here,
and this focuses attention on the asymptotic regime. In practice, much algorithmic e ort is expended outside the
asymptotic regime. The order parameter approach provides nite order equations of motion for speci c systems, with
restricted data distributions. However these equations of motion are convenient for numerical solution, and express
the learning dynamics throughout the training.
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