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Abstract
We describe the dynamics of learning in unsupervised linear feature-discovery
networks that have recurrent lateral connections. Bifurcation theory provides a
description of the location of multiple equilibria and limit cycles in the weight-space
dynamics.

Introduction
Unsupervised neural network models that recursively estimate principal components of

the input correlation have received increased attention in recent literature. This interest is due in part to their utility as encoding devices; among linear transformations
for dimension reduction, principal component analysis (PCA) provides the lowest mean
square error encoding. A second motivation arises from the fact that the algorithms are
based on simple Hebbian learning rules that have analogs in biophysical mechanisms for

changing the strength of synapses [2]. Thus the algorithms may provide insight kto the
organization of biological nervous systems.
In a classic paper, Oja [3} made the remarkable observation that a simple model
neuron with an Hebbian adaptation rule develops into a filter for the first principal component of the input distribution. Oja proved convergence of the algorithm by appealing
to Ljung's results [4] relating recursive stochastic algorithms to ordinary differential equations.
Several researchers have extended Oja's work, developing networks that perform a
complete PCA. Sanger [5] proposed an algorithm that uses a single layer of weights
*This article is adapted from [1].
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with a set of cascaded feedback projections to force different nodes to filter for different
principal components. This architecture singles out a particular node for each principal
component. Sanger gave a convergence proof based on Oja's original work.
Oja and Karhunen [6] gave a related algorithm that maps to a three-layer feed-forward

network of linear neurons [7]. Simulations show that this algorithm projects inputs
onto an orthonormal basis spanning the principal subspace. In a theoretical analysis,
Krogh and Hertz [8] showed that the only asymptotically stable equilibria of the algorithm correspond to this orthonormal basis. At about the same time that [6] appeared,
Williams proposed a closely related algorithm that he called symmetric error-correction
[9}. Williams also showed that asymptotically stable equilibrium points correspond to
orthogonal weight vectors spanning the principal subspace. Sanger and Oja's algorithms
have good convergence properties, and we have used both to reduce the dimension of
speech signals for phoneme recognition tasks [10].
In another class of models, nodes are forced to filter for different principal components
by a set oflateral connections. These models consist ofa single layer ofnodes with weights
from the input space and additional lateral connections between the nodes. The weights
from the inputs evolve according to a Hebbian rule similar to that in Oja's single neuron

model. The lateral connections evolve according to an anti-Hebbian rule. The idea is
that the lateral connections should develop so as to decorrelate the activity of the nodes.
The anti-Hebbian rule drives changes in the lateral connections in the proper direction.
These networks have two learning rates associated with them, one for the weights from
the inputs and another for the lateral connections. As we shall see, the ratio of the two
learning rates is a parameter that can bear significantly on the converged state of the
network.
Rubner and Schulten [11] constructed a network with cascaded lateral connections;
the th node receives signals from the input and all nodes j with < i. Like Sanger's
scheme, this architecture singles out a particular node for each principal component.
Rubner and Tavan [12] gave conditions on the two learning rates that insure stability of
the equilibrium at which the network performs PCA, but no global convergence proof

j

exists.
Although useful for adaptive signal processing, networks with cascaded lateral connections are biologically implausible. Földiák [13] addressed this, presenting simulations
of a network with full lateral connectivity. His simulations show that the weights from

the input space converge to the subspace spanned by the principal eigenvectors of the
input's auto-correlation matrix, and that the resulting network captures as much infor-
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mation as standard PCA. However, the converged weights are not (in general) equal to
the correlation eigenvectors, and they need not be orthonormal.
It seems more difficult to obtain theoretical convergence results for PCA networks
that use lateral connections, than for the case of either Oja's original single-neuron model
or Sanger's model. For example, Rubner's theoretical results address linear stability of
the PCA solution, rather than global convergence. Földiák's algorithm is even more
formidable due to the recurrent lateral connections. The latter algorithm does have an
equilibrium at which the weights from the input are along the correlation eigenvectors,
however the usual linear analysis fails to determine stability. We will consider this in
some detail below.
The work that we present in the remainder of this paper is aimed at describing some
of the dynamical phenomena that appear in models with recurrent lateral connections.
Bifurcation theory locates equilibria that do not have the weight vectors along the correlation eigenvectors, and reveals limit cycle solutions as well.
The models that we present are not meant to replace those discussed above. If you
need to perform PCA with a neural network, you are probably better off using either the
algorithm in [5], or the algorithm in [7] (if you can live with mixtures of the eigenvectors).
However, the models here are of intrinsic interest as they exhibit richer phenomenology
and may be more closely related to biological structures. The analyses show that there
are parameter regimes in which multiple stable equilibria or limit cycles coexist with
the equilibrium at which the networks perform PCA. This situation is analogous to the
case of supervised networks with multiple minima of their cost function, and serves as a
reminder that local (i.e. linear) stability of a particular equilibrium may not be enough
to specify the computation performed by a mature network.

The Single-Neuron Model
In Oja's model [3] the input, x E RN, is a random vector assumed here to be drawn
from a stationary probability density. The vector of weights from the input to the node
is denoted and the node response y is linear; y = x w. The continuous-time, ensemble
averaged form of the learning rule is
(.ZJ

= <Xy>—<y2>W
=

Rw-(w.Rw)f()
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(1)

where < . . . > denotes the average over the ensemble of inputs, and
R = < x xT > is the input's auto-correlation matrix. The unit-magnitude eigenvectors
of R are denoted e2 , i = 1 . . . N and are assumed to be ordered in decreasing magnitude
of the associated eigenvalues A > A2 > . . . > AN > 0 (assumed distinct). Equation (1)
has equilibria for w along any of the eigenvectors e, but only the equilibria 4.' =
are
stable. The other equilibria are saddle points. In fact Oja shows that the weight vector
The variance of the node's response is thus maximized
asymptotically approaches
and the node acts as a filter for the first principal component of the input.

Extending the Single Neuron Model
To extend the model to a system of M N nodes we consider a set of linear neurons
with weight vectors (called the forward weights) . . . WM connecting each node to the
N—dimensional input. Without interactions between the nodes in the array, all M weight
vectors would converge to
Suppose that the interactions between the cells can be parameterized by some coupling constant (e.g. a learning rate) C. For small values of C, we can treat the coupling
as a perturbation and the equations of motion for the entire system take the form

i=1,...,M

(2)

where f is a vector field of the same form as in (1) and i are auxiliary state variables that
mediate the interactions between the nodes. Additional equations describe the evolution
of these auxiliary variables,
jiji = f,1(w,q,C).
(3)
In the following sections the auxiliary variables will take the form of the strengths of lateral couplings between the cells. The constant C will appear as a learning rate associated
with these lateral couplings.
We are interested in the equilibria at which the forward weight vectors w are along
the M leading eigenvectors of R. We refer to this equilibrium as the PCA equilibrium.
Assume that the system (2, 3) has an equilibrium at X0 = { = e,
= i01 } and
that ui is continuous in C. At C = 0 this equilibrium cannot be stable since the cells
with w = e2 for i > 1 will inherit the instabilities of (1).
Under one of two fairly general assumptions the PCA equilibrium will be unstable

below some critical value for C. If the linear part of (2, 3) is hyperbolic (no zero or
purely imaginary eigenvalues), then the flow near Xo is structurally stable and the PCA
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equilibrium will remain unstable for values of C near zero. [14J. A less restrictive
assumption is that at least one of the eigenvalues of the linearization of (2, 3) at Xo
corresponding to the unstable subspace is not repeated. Then this eigenvalue will be
continuous in C [15] and again the desired equilibrium will remain unstable for small
values of C. Thus under either of these assumptions (hyperbolic fixed point or a nonrepeated eigenvalue with positive real part), there is a minimum value for Cl below
which the PCA equilibrium is unstable. The two models we consider both exhibit this
behavior (see also Rubner et. al. [12]).
We consider two approaches to building interactions that force nodes to filter for
different statistical features. In the first approach an internode potential is constructed
and the resulting equations of motion are made local by introducing lateral connections
that evolve according to an anti-Hebbian rule. For reasons that will become clear, the
resulting model is referred to as a minimal coupling scheme. In the second approach
the lateral connections are present from the outset, and we directly write equations of
motion for the forward weights analogous to (1). The evolution of the lateral connection
strengths is given as a simple anti-ilebbian rule.

Minimal Coupling
The response of the th node in the array is taken to be linear in the input

YiX)i.

(4)

The adaptation of the forward weights was derived from the potential suggested in [16}

and modified to give a local learning rule. This requires the introduction of a set of
symmetric lateral connections Thi• Details of the derivation appear in [1] and [17} . The
learning rules for the system are

= <Xyi> +
=

R

w+

M

?lij <Xy> —

Rw-

<Y>

i

( R w) wj

(5)

for the forward weights and

=
=

476

ii,j + C <j y2>)
—d ( 7ij + C ,j . R wi),
—d (

7jj = 0
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(6)

for the lateral connections. Here C and d are free parameters.
Notice that the response of the th node is given by (4) and is thus independent of
the signals carried on the lateral connections. In this sense the lateral signals affect node
plasticity but not node response and the coupling is regarded as minimal. This learning
rule can also be derived as a low-order approximation to the complete coupling model
discussed later.

Stability and Bifurcation
By inspection the weight dynamics given by (5) and (6) have an equilibrium at

xo E (w = e ,

= 0).

(7)

At this equilibrium the outputs are the first M principal components of input vectors. In
suitable coordinates the linear part of the equations of motion break into block diagonal
form with any possible instabilities constrained to 3 x 3 sub-blocks. Details of the stability
and bifurcation analyses are given in [17].
The PCA equilibrium Xo is linearly stable if and only if
d > d0 =

C >

Co

(8)

A+A

= AiA'

(9)

At C0 or d0 there is a qualitative change (a bifurcation) in the learning dynamics. At d0
there is a Hopf bifurcation to oscillating weights. At Co there is a bifurcation to multiple
equilibria. The bifurcation normal form in the latter case was found by Liapunov-Schmidt
reduction [18, for example] performed at the bifurcation point (X0, C0).
At (X0, Co) there is a supercritical pitchfork bifurcation. Two unstable equilibria
appear near X0 for C > C0. At these equilibria the forward weights are mixtures of eM
and eM_i and the lateral connection strengths are non-zero.
The position of stable equilibria away from (X0, C0) can be found in principal by
examining terms of order five and higher in the bifurcation expansion. As a practical
alternative we examine the bifurcation from the homogeneous solution, Xh, in which all
weight vectors are proportional to e1 with non-zero
For a system of two nodes this
equilibrium is asymptotically stable provided d> 0 and

C < Ch mm

f
L.

— A2

2A1A2)

1/A1

(10)
J
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If the first condition in (10) corresponds to smaller Ch than the second, then there is
a supercritical pitchfork bifurcation at Ch. Two stable equilibria emerge from Xh for
C > Ch • At these stable equilibria, the forward weight vectors are mixtures of the first
two correlation eigenvectors and the lateral connection strengths are nonzero.
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Fig 2:

Figure 1: Bifurcation diagram for
the minimal model.

Regions in the (A1, A2)
plane corresponding to supercritical
(shaded) and subcritical (unshaded)
Hopf bifurcation in the complete
model.

The complete bifurcation diagram for a system of two nodes is shown in Fig. 1.
The upper portion of the figure shows the bifurcation at (X0, Co). The horizontal line
represents the PCA equilibrium Xo. This equilibrium is stable (heavy line) for C > C0,
and unstable (light line) for C < C0. The subsidiary, unstable, equilibria that emerge
from (Xo, Co) lie on the light, parabolic branches of the top diagram.
The lower portion of Fig. 1 shows the bifurcation from (Xh, Ch) for a system of two
nodes. The horizontal line represents the homogeneous equilibrium Xh. This is stable
for C < Ch and unstable for C > Ch . The stable equilibria consisting of mixtures of the
correlation eigenvectors lie on the heavy parabolic branches of the diagram. For networks
with more nodes, there are presumably further bifurcations along the supercritical stable
branches emerging from (Xh, Ch). Equilibria consisting of varied eigenvector mixtures
are observed in simulations.
Each inset in the figure shows equilibrium forward weight vectors for both nodes
in a two-node network. These configurations were generated by numerical integration

of the equations of motion (5) and (6). We used a correlation matrix corresponding
to an ensemble of noise vectors with short-range correlations between the components.
Simulations of the corresponding discrete, pattern-by-pattern learning rule confirm the
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form of the weight vectors shown here.

Full Coupling
In a more conventional coupling scheme, the signals carried on the lateral connections
affect the node activities directly. For linear node response, the vector of activities is
given by

y=

(1—7)1wx E UWX

(11)

where y E RM, is the M x M matrix oflateral connection strengths and 4.'S an M x N
matrix whose jth row is the forward weight vector to the
node. In an analog system,
the outputs (11) would be obtained as the equilibrium of the node activation dynamics.
We assume that the convergence of the node activation is fast with respect to changes
in the weights. The adaptation rules are
z,

= <yxT>

Diag(<yyT>)w
1iij = D l7jj — C < yy > , 1ii = 0,

(12)

(13)

where D and C are constants and Diag sets the off-diagonal elements of its argument
equal to zero. The PCA equilibrium, Xo is linearly stable if

D>0
C > Co

(14)

D

A2+2
A

(A_A)2

i+j

A2 A2

(15)

As the parameter D passes through zero, the PCA equilibrium becomes unstable. At
D = 0 this model reduces to that given by Földiák [13]. The latter model thus operates
at a bifurcation point of the system considered here. It is exactly at this point that the
linear analysis fails to determine the stability of the PCA equilibrium.
Simulations of two-cell networks with D = 0 and initial conditions near the PCA
equilibrium show convergence to an equilibrium near, but not identical to Xo. Varying
the initial conditions within a neighborhood of Xo, we find different, though nearby
equilibria. This suggests that there may be a continuum of stable equilibria near Xo for

D=O.
If, on the other hand, the condition on C is violated, then the network undergoes a
Hopf bifurcation leading to oscillations. Depending on the eigenvalue spectrum of the
input correlation, this bifurcation may be subcritical (with stable limit cycles near Xo
for C < C0), or supercritical (with unstable limit cycles near Xo for C > C0). Figure
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2 shows the corresponding regions in the (A1, A2) plane for a network of two nodes with
D = 1. Simulations show that even in the supercritical regime, stable limit cycles are
found for C < C0, and for C > C0 sufficiently close to C0. This suggests that the
complete bifurcation diagram in the super-critical regime is shaped like the bottom of a
wine bottle, with only the indentation shown in figure 2.
The model discussed by Rubner [12] also undergoes a Hopf bifurcation for small values
of the lateral learning rate. However, the critical rate is bounded above by unity (compare
with (15) ). In ({17}) we show that the stability criteria in (15) can be ameliorated by
allowing the relaxation of the lateral connections to depend on the node activities. This
leads to a critical value for C that is bounded above by two. The bifurcation behavior
has not been analyzed.

Summary
The primary goal of this study has been to give a theoretical description of learning
in feature-discovery models; in particular models that use lateral interactions to ensure
that nodes tune to different statistical features. The models presented here have several
different limit sets (equilibria and cycles) whose stability and location in the weight space

depends on the relative learning rates in the network, and on the eigenvalue spectrum
of the input correlation. Bifurcation theory provides a description of the location and
determines stability of these different limiting solutions. We expect that these tools can
provide insight into similar algorithms.
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