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A Generalized Lloyd-Type Algorithm for Adaptive
Transform Coder Design
Cynthia Archer and Todd K. Leen

Abstract—In this paper, we establish a probabilistic framework
for adaptive transform coding that leads to a generalized Lloyd
type algorithm for transform coder design. Transform coders are
often constructed by concatenating an ad hoc choice of transform
with suboptimal bit allocation and quantizer design. Instead, we
start from a probabilistic latent variable model in the form of a
mixture of constrained Gaussian mixtures. From this model, we
derive an transform coder design algorithm, which integrates optimization of all transform coder parameters. An essential part
this algorithm is our introduction of a new transform basis—the
coding optimal transform—which, unlike commonly used transforms, minimizes compression distortion.
Adaptive transform coders can be effective for compressing
databases of related imagery since the high overhead associated
with these coders can be amortized over the entire database. For
this work, we performed compression experiments on a database
of synthetic aperture radar images. Our results show that adaptive coders improve compressed signal-to-noise ratio (SNR) by
approximately 0.5 dB compared with global coders. Coders that
incorporated the coding optimal transform had the best SNRs
on the images used to develop the coder. However, coders that
incorporated the discrete cosine transform generalized better to
new images.
Index Terms—Adaptive transform coding, compression,
entropy-constrained quantization, expectation-maximization,
Gaussian mixtures, generalized Lloyd algorithms.

I. INTRODUCTION

T

RANSFORM coding is a computationally attractive alternative to vector quantization and is widely used for image
and video compression. A transform coder compresses multidimensional data by first transforming the data vectors to new
coordinates and then coding the transform coefficient values independently with scalar quantizers. A key goal of the transform
coder is to minimize compression distortion while keeping the
compressed signal representation below some target size. In this
paper, we quantify compression distortion as the mean squared
error due to quantization. While quantizers have typically been
designed to minimize compression distortion [1], [2], this has
not been the case for the transform portion of the coder. The
transform has either been fixed a priori, as in the discrete cosine
transform (DCT) used in the JPEG compression standard [3], or
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adapted to the signal statistics using the Karhunen–Loéve transform (KLT), as in recently published transform coding work [4],
[5]. These transforms are not designed to minimize compression
distortion, nor are they designed (selected) in concert with quantizer development to deliver the best compression performance.
Classic transform design assumes that correlations between
signal components are the same everywhere in the signal space.
This assumption is valid only when the data is wide sense stationary. Noting that signals such as images and speech are nonstationary, several researchers have extended global transform
coding to adapt to changing signal characteristics [4]–[7]. In
adaptive transform coding, the signal space is partitioned into
disjoint regions, and a set of basis functions (transforms) and
scalar quantizers are designed for each region. In our own previous work [7], we use k-means clustering [8] to define these
regions. Dony and Haykin [4] partition the space to minimize
dimension-reduction error. Tipping and Bishop [6] use soft partitioning according to a probabilistic rule that reduces, in the
appropriate limit, to partitioning by dimension-reduction error,
as defined by Khambatla and Leen in [9]. These last two techniques minimize dimension reduction error rather than compression distortion. Effros et al. [5] partition the signal space to
minimize entropy-constrained compression distortion but then
use heuristics to design the local transform coders. Since the
coders are not designed to minimize the compression distortion,
there is no guarantee that the algorithm will converge to a distortion minimum. None of these systems integrate optimization
of all the transform coder parameters nor design those parameters to produce a coder that minimizes compression distortion.
In contrast to the piecemeal construction of transform coders,
vector quantizers (VQs) are designed with algorithms [10],
[11] that minimize compression distortion. Nowlan [12] uses
a probabilistic framework to derive a VQ design algorithm
from a mixture of Gaussians model of data. In the limit that
the variance of the mixture components goes to zero, the
expectation–maximization (EM) procedure [13] for fitting the
mixture model to data reduces to the K-means algorithm [8] or,
equivalently, the Linde–Buzo–Gray (LBG) algorithm [10] for
vector quantizer design. In addition, Chou et al. [11] note that the
design algorithm for an entropy-constrained VQ (ECVQ) is a
hard-clustering version of the EM algorithm for fitting a mixture
of spherical Gaussians with nonzero component variance to data.
In this latter case, the component variance acts as the Lagrange
multiplier linking the mean squared error and entropy constraint
terms. Consequently, choosing the component variance corresponds to selecting the entropy constraint or compressed bit-rate.
We make use of this probabilistic framework to cast transform coding as a constrained form of vector quantization. We
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first define a constrained mixture of Gaussians model based on
the VQ probability model. This model provides a framework
for developing a new generalized Lloyd algorithm for transform coder design. This algorithm integrates optimization of the
signal space partition (encoder) and the local transforms and
scalar quantizers (decoder). A significant contribution of our
work is a new orthogonal transform that minimizes compression distortion rather than dimension reduction error. We conclude by validating our algorithms by compressing a database
of synthetic aperture radar (SAR) images.
II. PROBABILITY MODELS FOR TRANSFORM CODING
An effective paradigm for designing new algorithms involves
defining a statistical model of the signal behavior and using a
maximum likelihood framework to guide algorithm development. We take this approach and develop constrained mixture of
Gaussians models that provide a statistical model for both global
and adaptive transform coding. While it is possible to develop a
generalized Lloyd type algorithm for transform coding without
this model, starting from a statistical model has several advantages. Developing a probability model makes explicit our assumptions about data behavior and characteristics. In addition,
the probability model indicates an appropriate distortion metric.
For instance, the likelihood of a Gaussian model incorporates a
mean squared error metric (as shown below), whereas a magnitude of error metric is consistent with Laplacian models. Comparing observed data behavior to the model can pinpoint under
what conditions the model poorly describes the data, which can
guide improvements in the related algorithm. Finally, the statistical model can provide a framework for comparing and understanding the relationship between different algorithms [14].
This section begins with a brief review of transform coder operation. We then present a probablity model for global transform
coding that is a constrained form of the VQ model described by
Nowlan [12] and Chou et al. [11]. This is followed by our development of a probability model for adaptive tranform coding.
The transform coder design algorithm derived from this model
is described in the following section.
A. Global Transform Coding
The compression and restoration processes replace each
signal vector with one of a small set of reproduction vectors
,
. A reproduction vector
represents all the
of the data space. To compress
data vectors in some region
a signal by assigning data to reproduction vectors, a transform
coder converts the -dimensional data to new coordinates and
then codes the transform coefficients independently of one
another with scalar quantizers. One can think of a transform
reproduction vectors
coder as a vector quantizer with the
constrained to lie at the vertices of a rectangular grid. The
and sets
grid is defined by orthogonal axes ,
of scalar reproduction values: one set for each dimension.
distinct reproduction values on the
axis; thus,
There are
the total number of grid vertices or reproduction vectors is
.
Fig. 1 illustrates the structure of a two-dimensional (2-D)
transform coder. The values indicate the scalar reproduction

Fig. 1. Orientation of quantizer grid in signal space. The quantizer
reproduction vectors q , = 1 . . . lie at the vertices of a rectangular grid.
The grid is oriented to the signal vectors x (indicated by the gray area) with
orthogonal transform, W .

K

values;
is the th value along the
axis. (We use capital
Roman letters to indicate coordinate axes and lowercase Roman
letters to indicate reproduction values along those axes.) The
are combinations of
coordinates of the reproduction vectors
the scalar reproduction values
,
,
, etc. The
orthogonal transform defines the
orientation of this quantizer grid in the data space. In the data
.
coordinate basis, the reproduction vectors are given by
Since transform coding is a constrained form of vector quantization, it will introduce more distortion than an unconstrained
VQ at a given compressed bit-rate. However, the coding
complexity is substantially less. Encoding a -dimensional data
vector with a vector quantizer requires
add/multiply
compare
operations for the distance calculations and
add/multiply
operations. A transform coder requires
operations for the transform, where is normally much smaller
than . Coding the scalar transform coefficients requires
compare operations.
B. Global Transform Coder Model
To replicate the transform coder structure, we envision the
data as drawn from a -dimensional latent data space and
embedded in an observation or measurement space , which is
also dimensional. The density on the latent space is a mixture
of delta functions
(1)
where the latent values
lie at the vertices of a rectangular
grid, as illustrated in Fig. 2. The grid is defined by the axes
, where
is the th grid
and a set of grid mark values
axis. There are
distinct grid mark values
mark along the
axis, making the total number of grid vertices
on the
. Thus, the coordinates of some
can be written as
. By incorporating this constraint into (1), we
can write the density on as product of marginal densities
(2)
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where log is the natural logarithm. In order to simplify (8), we
over the unknown component
introduce the density
assignments so that
(9)
Fig. 2. Structure of latent variable space S and mapping to observed space X .
The data density in the latent space consists of a mixture of delta functions where
the mixture components q are constrained to lie at the vertices of a rectangular
grid. This grid is mapped to the observed data space by an orthogonal transform
W and corrupted with additive Gaussian noise.

where the mixing coefficients
abilities

where
. Using Jensen’s inequality to bring the
sum over outside the logarithm function, we find is bounded
below by the expected log likelihood

are the product of prior prob-

(3)
(10)
We will use both latent density formulations (1) and (2) for algorithm development.
The latent data is mapped to the observation space by an
, as illustrated in Fig. 2. The
orthogonal transformation
embedded data is corrupted with additive Gaussian noise
, with mean zero and variance
. We use
the same noise distribution as the VQ model [12], since this
choice leads to a nonweighted mean squared error (Euclidean
distance) metric, as shown below.
The observed data generated from a sample drawn from
latent component is
(4)
with conditional densities

with equality when
bility of component
The norm

is the posterior probaconditioned on the data vector [15].
is given by the inner product
.
The EM algorithm provides a template for deriving the
transform coding algorithm from this probability model. To
achieve the hard-clustering needed for transform coding, we
to be
choose
otherwise

(11)

With this hard-clustering model, the final term in the expected
log likelihood (10) becomes zero since
. If we remove unessential terms and scale by
,
reduces to the cost function

(5)
The latent density and mapping induces a mixture of constrained
Gaussian density on of the form

(12)
This cost function consists of two terms: the average coding
distortion as measured by mean squared error
(13)

(6)

and the entropy
(14)

with marginal density
(7)
The expectation–maximization algorithm (EM) [13] fits parametric probability models to data by maximizing the log likelihood of the model for some training data set
.
The log likelihood is given by

(8)

This entropy-constrained cost function (12) is the same as that
found by minimizing mean squared error subject to an average
bit-rate constraint (e.g., [11]). Note that both the mean squared
error metric and the entropy constraint arise directly from the
acts as a Lagrange
probability model. The noise variance
multiplier linking the distortion and entropy terms. When the
noise variance is chosen to be large, the entropy term has a
large effect on the cost resulting in a high-distortion, low-rate
coder. Conversely, when the noise variance is small, the distortion term dominates the cost function resulting in a low-distortion, high-rate coder.
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By removing unnecessary terms and scaling by
duces to the cost function

,

re-

(20)

X
M

S

Fig. 3. Nonstationary data model. Structure of latent variable space and
mapping to observed space . The mixture components q
are constrained
to lie at the vertices of the th grid. Latent data is mapped to the observation
space by orthogonal transforms
and corrupted with additive Gaussian
noise.

This cost function consists of two terms: the mean squared error

W

(21)
and the discrete entropy

C. Adaptive Transform Coder Model

(22)

An adaptive transform coder consists of a collection of transform coders, each specialized to optimally compress data from a
different region of the data space. Consequently, the model for
adaptive transform coding is a collection or mixture of global
transform coding models. The -dimensional latent data lies
at the vertices
of one of
rectangular grids centered at
. There are
distinct grid mark values along the
axis in the th grid making the total number of grid vertices
. Each grid can have a different number of
. The total number of reproduction values is
components
. The density on the whole latent space consists
of a mixture of delta function mixtures
(15)
are the grid mixing coefficients.
where
The latent data from each grid is mapped to the observation
space by its own orthogonal transform
. As in the global
model, the data is then corrupted with additive Gaussian noise
. The observed data generated from some sample
drawn from latent component ( , ) is
.
Fig. 3 illustrates this mapping from a two-grid latent space.
The latent density and mapping induce a mixture of constrained
Gaussian mixtures density on of the form
(16)
with the marginal densities
(17)
The log likelihood of some training data set
is given by
(18)
We simply as before in order to achieve the hard-clustering
needed for transform coding. Consequently, we choose
to be one or zero
and
otherwise

(19)

The entropy term includes both the bit-rate required to code
the transform coefficients
and the
bit-rate required to indicate the choice of local transform
. Note that the entropy does not include
coder
the overhead cost of encoding the parameter values. As in
the global transform coding case, the noise variance acts as a
Lagrange multiplier linking the distortion and entropy terms.
When the noise variance is chosen to be large, the entropy term
has a large effect on the cost resulting in a high-distortion,
low-rate coder. Conversely, when the noise variance is small,
the distortion term dominates the cost function resulting in
a low-distortion, high-rate coder. In the limit that the noise
goes to zero, and we limit the number of code
variance
vectors, we recover the cost function for fixed-rate adaptive
, we
transform coding [16]. When the number of grids
recover the cost function for global transform coding.
III. ADAPTIVE TRANSFORM CODING ALGORITHM
In this section, we present a new algorithm for adaptive
transform coder design that integrates optimization of the transform coder parameters: the data space partition, transforms,
and quantizers. This generalized Lloyd type algorithm fits the
parameters to data so that entropy-constrained coding distortion
(20) is minimized. Like all such algorithms, the optimization
process is iterative. It alternately partitions the data space into
local regions and then optimizes the transform and quantizers
for each region. Each such iteration reduces (or at least does not
increase) the value of the cost function. Generalized Lloyd type
algorithms converge to a local minimum of the cost function.
Note that we recover the generalized Lloyd algorithm for global
transform coding when the number of local coders is set to one.
Partition Optimization: To optimize the partition, each data
of transform
vector is assigned to the reproduction vector
coder m that represents it with the least entropy-constrained distortion. To partition the data, we compress each -dimensional
.
data vector with each local transform coder
To compress , we first find the transform coefficients,
,
, where
is the th basis (column)
vector of the
transform matrix. Each
is then assigned
to the scalar quantizer reproduction value
that represents
it with the least entropy-constrained distortion. Fig. 4 demonstrates this transform and coding process.
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Fig. 4. Transform coding a data vector. Projecting data vector x with
s and W x
s . The data
transform W yields coefficient values W x
space is partitioned into subregions with boundaries indicated by dotted lines.
Coefficient s is in subregion R , and s is in subregion R ; hence, x is
.
represented by reproduction vector r ; r

=

[

The cost of assigning

where
coder

=

]

to transform coder

. We then assign

is
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Fig. 5. Data space partition. Partition of a 2-D data space with two coders.
1 grid and coder 2 consists of a 2
1 grid. The
Coder 1 consists of a 3
boundary between the two coders, which partitions the data space into R
and R , is shown by the heavy black line. Subregion boundaries are indicated
with dotted lines. The diamonds along the transform axes indicate placement of
reproduction values.

2

2

(23)

the grid center place each grid at the mean of the data assigned
to each region

to transform

(27)

(24)

The minimum cost estimator for
is derived below; Appendix A contains a more detailed derivation. The grid
is constrained to be orthogonal,
orientation or transform
. Including the orthogonality constraint and
that is,
dropping the entropy term, since it does not contain , yields
the cost function to be minimized

such that

such that
Hence, the data space partition defines regions
each belongs to the transform coder that compresses it with
the least entropy-constrained distortion

(25)
such that each
In addition, the partition defines subregions
local transform coefficient
,
belongs to the scalar reproduction value
that represents it with
the lowest entropy-constrained distortion

(28)
where
is the th column vector of ,
is the th cooris a Lagrange multidinate of reproduction vector , and
plier. If we define the outer-product matrix
(29)

(26)
Fig. 5 illustrates the relationship between the transform coder
regions,
and subregions
. Consequently, the new data
space partition minimizes the cost function (20) for the current
transform and quantizer values.
and
are estimated from
The prior probabilities
the number of data values in each region. The transform coder
, where are the total number of data vecprior
are the number of vectors in
. The reproductors, and
tion value priors
, where
are the
number of transform coefficients in
.
Transform Optimization: To optimize the transform, we find
of each quantizer grid that minthe center and orientation
imizes the cost function (20). The minimum cost estimators for

then minimizing the local cost function with respect to the transform yields
(30)
This symmetry condition (30) along with the orthogonality condition uniquely defines the coding optimal transform (COT).
To minimize distortion, the COT orients the quantizer grid so
matrix is symmetric (30). We can quantify how far
that the
the matrix is from symmetric with the sum squared difference
between transposed matrix elements
(31)
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where
is the th row and th column element of
. We
to minimize . Multipliapply Givens rotations [17]
matrix applies a rotation of radians
cation by the
to the
coordinate plane. For a
matrix, there are
such planes. Minimizing (31) with respect to rotayields a solution for that is quartic in
.
tion
, the solution
However, when the angle is small
simplifies to

(32)
where
. Since the COT reduces to the KLT when the data
is Gaussian [18], [19], we expect that starting the optimization
from the KLT will keep the rotation angles small. This approach
worked well in practice, allowing us to use this simpler form
for the rotation angle. We find the rotation angle (32) for each
coordinate plane and apply these rotations to the current trans, where
form matrix. This process is repeated until
, which is the Frobenius norm, is less than a threshold
. This new will orient the quantizer grid so that compression distortion is minimized.
To illustrate the difference between the PCA transform and
COT, we designed transform coders for 2-D data that is sampled
from two intersecting Gaussian distributions:
with
and
and

with
and

Fig. 6 contains a plot of this data overlaid with a one by two
bit quantizer grid. The KLT aligns the grid along the dominant
high-variance Gaussian; consequently, data from the lower variance Gaussian is poorly represented. The COT rotates the quantizer grid so that the reproduction vectors better represent all
the data. The compressed data signal-to-noise ratio (SNR) is
0.46 dB higher when the COT orients the quantizer.
A. Quantizer Optimization
To optimize the quantizers, we adjust the number of coder
, number of reproduction values in each coordinate
,
and each reproduction value
to minimize the cost function (20). This optimization is most conveniently performed in
. Rewriting the
the local transform coordinates defined by
cost function for transform coder in terms of transform coefyields
ficients

(33)

Fig. 6. (a) Quantizer oriented with the KLT. (b) Oriented with the COT. Data
vectors are indicated with 1’s, and the reproduction vectors are indicated with
’s.

+

where
is commonly interpreted as the
code word length.
Minimizing the cost (33) with respect to the reproduction
values places each one at the mean of the transform coefficients
assigned to it
(34)

are the number of transform coefficients in
.
where
For entropy-constrained transform coding, selecting the noise
variance is equivalent to selecting a target entropy. The target
and the
entropy determines the number of transform coders
number of reproduction values
in each scalar quantizer.
The entropy terms in (33) move the partition away from the minimum mean squared error solution so that reproduction values
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with low prior probabilities may have no data items assigned
can be reto them. Reproduction values with
moved from the coder, reducing the value of
. Likewise,
coders with low priors may have no data items assigned to them,
allowing the number of coders to be reduced. For a recent comprehensive review of quantization methods, see [20].
IV. ALGORITHM EVALUATION
We evaluate our adaptive transform coding algorithm on a
database of synthetic aperture radar (SAR) images. We compare compression performance of our method to that of classic
transform coders based on the KLT and DCT. We also compare
performance to that of KLT- and DCT-based adaptive transform
coders. All coders use optimal entropy-constrained quantizers
[2]. We report compression performance as signal-to-noise ratio
(SNR), in decibels, versus entropy, in bits per pixel (b/pixel).
No entropy coding is performed since it introduces variability
in performance unrelated to the algorithms.
A. Design Algorithm Summaries
Our adaptive transform coding design algorithm iteratively
updates the data partition and the model parameters to optimally
compress a training data set.
1) Select the noise variance . This choice determines the
compressed bit-rate.
random data vectors as region
2) To initialize, select
means and divide the data space using K-means clustering [8].
3) Iteratively optimize the parameters and partition until the
change in cost is negligible.
aca) Update the grid means and transforms
cording to (27) and (30), respectively.
b) Transform the data to the appropriate local basis
and update the quantizer reproduction values
according to (34).
c) Partition the training data to minimize entropy-constrained distortion according to (25) and (26).
In this implementation, we specify the noise variance
rather than the compressed bit-rate. This approach makes
evaluating performance over a range of bit-rates simple
and straightforward. If a particular compressed bit-rate is
required, one can select an entropy value and adjust the
noise variance to enforce that bit-rate. We took this latter
approach in our prior global transform coding work [18].
The adaptive DCT-based transform coders are designed using a generalized Lloyd type algorithm with
constrained to be the DCT. The process
the transform
is similar to that for the optimal transform coder, but
instead of finding the COT at every iteration, we perform
a DCT once at the beginning of the optimization process.
The process is completed using the resulting transform
coefficients.
We also include results for adaptive KLT-based coding,
similar to that developed by Effros et al. [5] and that
presented in our previous work with fixed-rate adaptive
transform coding [16]. This algorithm is identical to the
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optimal algorithm above, except that the transform optimization is replaced with the KLT calculation. This transform update does not, in general, reduce the cost function.
Replacing the COT with the KLT does not yield a generalized Lloyd type algorithm unless the data is Gaussian [5].
This design algorithm, as well as the transform coding
design algorithms described in [5] and [16], are not guarenteed to converge to a local cost minimum. In practice,
we found that the cost almost always increased when the
KLT was updated and then decreased when the quantizers and partition were optimized. To handle these frequent cost increases, we monitored the absolute change
in coding cost and stopped the process when this absolute change became relatively small.
To reconstruct a compressed image, the decompression
engine must have the transform coder parameters. The
storage space required for the transform coder parameters is referred to as overhead. For the tested transform
coders, the overhead was 10 bits (three decimal digits) for
each transform element and 18 bits (five decimal digits
+ sign) for each reproduction value and each associated
prior probability. Since the DCT is a fixed for all images, it can be hard-coded into the decompression software. The SNR improvement that the COT provides over
the DCT is not enough to compensate for the increased
overhead. The deleterious effect of overhead on compression performance is greater for adaptive transform coders,
making it impractical to develop such coders for individual images. However, adaptive coders can compress
databases of related images effectively [4], [5] since the
overhead can be amortized over the whole database. As a
rule of thumb, an adaptive coder with one local coder per
data base image (500 KB each) would have an overhead of
less than 1% of the compressed database size (16:1 compression).
B. Evaluation on Image Database
Database compression provides an important and practical
application for adaptive transform coding. While the data contained in an individual data file, such as an image, is nonstationary, the characteristics of the different files within the database are often similar. Consequently, one adaptive transform
coder can be developed and subsequently used to compress all
files within the database. This allows us to incorporate the transform coder parameters into the decompression engine, alleviating the overhead problem. In this section, we compare performance of adaptive and global transform coders developed on a
training image and applied to other database images.
We evaluated the adaptive transform coders on a small database (18 MByte) of synthetic aperture radar (SAR) images [21].
Our database consists of 11 images acquired via space-borne
radar by the space shuttle [22]. Each image contains three
pseudo-color channels: red is L-band (24 cm) horizontally
transmitted and received, green is L-band horizontally transmitted and vertically received, and blue is C-band (6 cm)
horizontally transmitted and received. Prior to compression,
each image is decomposed into its three channels, and the
pixels in each channel are divided into 8 8 blocks to form
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64-dimensional data vectors. SAR images of Belgrade, Taipei,
and San Diego constitute the training set (5.9 MBtyes) used
to optimize the transform coder parameters. We evaluated
compression performance on eight SAR images chosen for
their diversity of land uses and terrain types. The test images
were acquired over Athens, Boston, Hampton, Honolulu,
Laughlin (Colorado River), Lisbon, Phnom Penh, and Ventura.
We developed both global and adaptive transform coders for
the image training set at noise variances of 800, 480, 320, and
240. The compressed bit-rates ranged from 0.2 to 0.7 b/pixel.
We trained seven adaptive coders at each noise variance starting
from different random initializations. The adaptive coders contained 64 regions or local coders. To achieve low bit-rates, the
entropy constraint will ensure that some of the local coders
. In this work, we found that the
are not used, that is,
trained adaptive transform coders used from 37 to 63 of the
local coders.
We report SNR results relative to compressed bit-rate given
in terms of entropy. All adaptive coder entropies include the
rate required to specify the best coder for each image block.
For the results presented below, the parameters were included
in the decompression engine, so overhead was not included in
the bit-rate. The overhead can also be amortized over the whole
database, but the effect on the bit-rate depends on the amount
of compression. If the 18 Mbyte database were compressed
16:1 (0.5 b/pixel), the overhead due optimal (COT-based) adaptive transform coding increases the compressed bit-rate by
0.028 b/pixel. The increase due to adaptive DCT-based coding
is 0.011 b/pixel, due to global COT-based coding 0.004 b/pixel,
and to global DCT-based coding 0.0013 b/pixel.
Our results show that a single adaptive transform coder can
perform well on a database of related images. Compression results for the training image and the Lisbon image shown in
Fig. 7 demonstrate the relative performance of the COT- and
DCT-based compression methods. For the training image, adaptive coder SNR is approximately 0.5 dB higher than global coder
SNR. The COT-based adaptive coder has an SNR about 0.1 dB
higher than the DCT-based adaptive coder. For the Lisbon test
image, the global DCT- and COT-based coders have similar
performance. The COT-based adaptive coder’s SNR is 0.3 dB
higher, and the DCT-based adaptive coder’s SNR is 0.6 dB
higher than the global coder SNR. Note that the adaptive COTbased coder generalizes less well than the adaptive DCT-based
coder.
We saw similar results for the eight test images and for
the three images included in the training set. At entropies
of 0.5 b/pixel, the 11-image SNRs ranged from 8 to 12 dB.
The adaptive COT-based coder had higher SNR than the
global coders for all but one test images (Ventura) and had
an average improvement of 0.2 dB. The adaptive DCT-based
coder had higher SNR than the customized global coders for
all test images and had an average improvement of 0.4 dB. The
KLT-based adaptive coder had test image SNRs comparable
with the COT-based adaptive coder. The adaptive DCT-based
coder generalized better than the COT-based coder with
consistently better SNRs (average 0.2 dB) on the test images.
Another important aspect of compression is time (training
time, encoding, or compression time and restoration or decom-
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Fig. 7. Signal-to-noise ratio versus entropy for training and Lisbon images.
Compression performance of adaptive coding with 64 local coders to global
transform coders. Results are shown for adaptive COT-based coders (open
circles), global COT-based coder (solid circles), adaptive DCT-based coders
(open triangles), and global DCT-based coder (solid triangles). For the adaptive
coders, the lines pass through the means of seven trials.

pression time). An adaptive transform coder requires more time
for training and encoding than does a comparable global transform coder, although the restoration times are about the same.
Training and encoding are done once for the items in a database, making the larger processing time less important than the
reconstruction time. Our adaptive COT-based coders required
an average training time of 900 min and our adaptive DCTbased coders an average time of 500 min on a 750 MHz Sun
Ultra-SPARC III. The global transform coders required 36 min
and 4.3 min for the COT and DCT versions, respectively. Adaptive coders also require longer encode times. The adaptive COTbased coder required 352 s to encode the Lisbon image compared with 4.1 s for the global coder. The adaptive DCT-based
coder required 76.5 s compared with 3.3 s for the global coder.
However, the differences in reconstruction time are small. Adaptive COT-based coders require 3.9 s to decompress the Lisbon
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image compared with 3.8 s for global COT, 3.2 s for adaptive
DCT, and 3.1 s for the global DCT-based coders. The DCTbased transform coders are faster than the COT-based transform
coders due to the lower complexity of performing the transform.
For -dimensional data, the complexity for the COT (and KLT)
, whereas the complexity for the DCT is
transforms is
.
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plier. The change in cost with respect to an infinitesimal change
is
in one or more elements of

V. SUMMARY
This paper describes our work to develop algorithms for
global and adaptive transform coder design. Existing transform
coding design algorithms are constructed by concatenating
separately designed and often heuristically designed transforms
and quantizers. In contrast to this approach, we derived a
generalized Lloyd type algorithm for optimal transform coder
design starting from a probabilistic framework. A significant
and necessary part of this work is a new transform (the COT)
that minimizes mean squared error. Definition of this transform made possible our development of an algorithm that
integrates optimization of all transform coder parameters: the
signal space partition, the transform, and the quantizers. Our
new algorithm casts transform coding as a constrained form
of vector quantization, allowing systematic development of
custom adaptive transform coders and filling a void in the
compression literature.
We evaluated our adaptive transform coder on a database of
SAR images. Adaptive coders have been referred to as “universal coders” [5] since with enough local coders, they can
adapt to a variety of input signals. Our results on the SAR
image database indicate that a single adaptive transform coder
can be used effectively to compress databases. Adaptive transform coders compressed test images with SNRs approximately
0.5 dB better than global transform coders. COT-based coders
have the best SNRs on training images, as expected. However,
DCT-based adaptive coders generalize better to new data as
they had better test image SNRs than either COT- or KLT-based
coders.
APPENDIX A
COT DERIVATION
To optimize the transform, we find the orientation of the
quantizer grid that minimizes the coding cost. The partition
assigns each data vector to a quantizer reproduction vector
defining subregions
. The transform
is constrained
. The cost function to be
to be orthogonal, that is,
minimized is thus

where
is the th column vector of
dinate of reproduction vector , and

,

(36)
is orthogonal,
Since
quently, the terms containing
fies to

. Consecancel, and (36) simpli-

(37)
is zero. Since the change in
At a minimum of the cost,
is arbitrary, this means the term in parenthesis must be zero.
and using the orthogonality of
Post-multiplying (37) by
yields

(38)
or
where

(39)

This symmetry condition (39), along with the orthogonality
,
condition, uniquely defines the COT. The matrix is
contains
elements, where is the
and the transform
data dimension, and
are the number of scalar quantizers
with more than one reproduction value. Therefore, we require
equations to uniquely specify . The symmetry condition
provides
equations, and
the orthogonality condition
provides
equations for the required total of
equations.
APPENDIX B
MATRIX ROTATION DERIVATION
To minimize distortion, the COT orients the quantizer grid so
matrix is symmetric (30). We can quantify how far
that the
the matrix is from symmetric with the sum squared differences
between transposed matrix elements

(35)

(40)

is the th cooris a Lagrange multi-

where
is the th row and th column element of
. We
to minimize . Multipliapply Givens rotations [17]
cation by the
matrix applies a rotation of rad to the
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coordinate plane. For a
such planes.
Applying the rotation
metry (40) to

matrix, there are
to

changes the asym-

(41)
Minimizing (42) with respect to the rotation angle

yields

(42)
Substituting

and
into (43) yields a solution for that is quartic
. However, when the rotation angle is small, such that
, (43) simplifies to

in

(43)
Solving for

yields

(44)
where

(45)
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